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Initial System of PDEs and Algebraic Equations (PDAE)

=> restart
> eql == diff (kI (s,1),t) —diﬁéw](s, t),s) ;
eql = m kl(s,t) — (GS wl (s, t)j (1.1.1)
> eq2 = diff (k2(s, 1), 1) — A (w2(s.0.5)
eq2 = m k2(s,t) — (as w2 (s, t)) (1.1.2)
> eq3 = wli(s,t)-k2(s,t) —w2(s,t)-kl(s,t)
eq3 =wl(s,t) k2(s,t) —w2(s,t) kl(s,1) (1.1.3)
(> eqd == ~diff (vI(s, 1),s) + w2(s, {)
eq4 = - ( 665 v (s, Z)) + w2(s, t) 1.1.4)
> g5 = — diff (v2(s, 1), 5) — wi(s, 1)
0
eqs = - ( o v2(s, t)) —wl(s, 1) (1.1.5)
> eq6 = kil (s, t)-v2(s,t) —k2(s,t)-vI(s,1)
eq6 =kl (s,t) v2(s,t) —k2(s,t) vI(s,1) (1.1.6)

Detection of the Arbitrariness in the General Solution

| > with(DifferentialThomas ) :
:> ivar == [s,t]:
:> dvar == [w2, wl, k2, kl,v2,vl]:
:> ComputeRanking (ivar, dvar);
(> res = DifferentialThomasDecomposition ([ eql, eq2, eq3, eq4, eq5, eq6 ], [wl, w2, ki, k2,
vl,v2]);
res = [ DifferentialSystem, DifferentialSystem | (1.2.1)

[ > map ( PrintDifferentialSystem, res );

Equations:

w2:

w2[0,0], [inf,inf,], 1, v1[0,0]*W2[0,0]-v2[0,0]*w1l[0,0]
wl:

wl[1,0], [inf,inf,], 1, k1[0,1]-wl[1,0]

k2:

kZE0,0], [inf,inf,], 1, k1[0,0]1*v2[0,0]-k2[0,0]*v1[0,0]
kl:



k111,01, [inf,inf,], 1, -2*v1[0,0]"2*k1l[0,0]*k1l[0,1]*wl[0,0]+
v1l[0,0]1"2*k1[0,0]"2*wl[0,1]+Vv1[0,0]"2*wl[0,0]"2*k1[1,0]-k1[O,
0]"2*wl[0,0]*v1[0,1]*v1[0,0]+wl[0,0]"3*k1[0,0]*v2[0,0]

v2:

v2[1,0], [inf,inf,], 1, v2[1,0]+wl[0,0]

v2[(0,1], [ O,inf,], 1, v1[0,0]"2*wl[0,0]"2+v1[0,0]"2*k1[0,0]
*v2[0,1]1+v2[0,0]72*w1l[0,0]"2-k1[0,0]*v2[0,0]*v1[0,0]*v1[0,1]
vl:

vi[fi,oj, [inf,inf,], 1, v1[0,0]*v1[1,0]-v2[0,0]*wl[0,0]
Inequations:

v1i[0o,01, 1: v1[0,0]

v2[0,0], 1: v2[0,0]

k170,01, 1: k1[0,0]

wl[0,0], 1: wl[0,0]

Equations:

w2:

w2[0 0], [inf,inf,], 1, v1[0,0]*w2[0,0]-v2[0,0]*w1l[0,0]

wl[l 01, [inf,inf,], 1, k1[0,1]-wl[1,0]

k2

k2[0 01, [inf,inf,], 1, k1[0,0]1*v2[0,0]-k2[0,0]*v1[0,0]

k1l

v2

v2[0 0], [inf,inf,], 2, v1[0,0]"2+v2[0,0]"2

vl[l 0], [inf,inf,], 1, v1[0,0]*v1[1,0]-v2[0,0]*wl[0,0]
Inequations:

v1l[0,0], 1: v1[0,0]

k1[0,0]1, 1: k1[0,0]

wl[0,0], 1: wl[0,0]

k1[r1,01, 1: -2*v1[0,0]1" 2*kl[0 0]*k1[0 11*wl[oO, 0]+v1[0 0]172*kl
[0,0]172*wl[0,1]+v1[0,0]" 2*w1[0 0172*k1[1,0]-k1[0,0]1"2*w1l[0,0]
*v1[0,1]1*v1[0,0]+wl[0,0]"3*k1[0,0]*v2[0,0]

[]

> DifferentialSystem DimensionPolynomial (res[1]);

>

3s+4

¥ Reduction to Two Dependent Variables

:In a simply connected domain (Poincaré lemma )

0
> kil = —pl
k (&t)—*asp (s, 1)
0
kil = (s,t)— 3 —pl(s,t)
i> 1 t 0 I(s,t
= - —
wli= (s,0)= =-pl (5.1)
0
1= HY— — pl(s,t
Wl = (5,1) = = pl (s, 1)
[ Similarly,
B 0
> k2 = —p2
k. (&t)—*asp (s, 1)

(1.2.2)

(1.2.3)

(1.3.1)

(1.3.2)

(1.3.3)



0
k2= (s,t)—> ng(s, t)

0
> w2 = t)y— —p2(s,t
w2 = (s,0) = 5op2(s. 1)
0
w2 = (s,t)—> EpZ(s, 1)
;Then, the equations (1.1.4) and (1.1.5) read
> eq4
0 I(s,t) | + 0 2(s,t
(5 10 ]+ 5 P20

> eq5

0 2(s, t 0 1(s,t
(45 200) = (g p1050))
;Now we apply the Poincaré lemma to (1.3.5) and (1.3.6)

> p2i= (50> —f(s,1)

0s
a
p2 = (Sa Z)Hgf(s, t)
> vl = (5,t)—> %f(s, t)
0
vl = (s, t)—>aftf(s, t)
i d
> pl == (s,1) Bare (s, 1)
pl —(s,r)ﬁ—(asg(s,r)j
> v2 = (s,1) %g(s, t)

0
2 = -—
V. (s,8)— o g(s,1)

:Thus, in a simply connected domain the initial system is equivalent to
> eq3

2 2 ) 5
(v 20 (sssz)j +(avay /) (sszg(s’”j

2 0 2 0
[z een] (Grewn) - [gzre0 ] (560

iEquations (1.1.3) and (1.1.6) imply

> eq6

> eq7 = wl(s,t)v2(s,t) —w2(s,t)vI(s,1)
eq7 = - T gts ) (; g0 = &t ) (;f<s, )

(1.3.3)

(1.3.4)

(1.3.5)

(1.3.6)

(1.3.7)

(1.3.8)

(1.3.9)

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)



| This equation admits the intergration by parts

>
> (%g(s, t))z + [—f(s, t)jz — h(1)

(E?t 2(s,1) jz + (gtf(s, f) )2 — (1) (13.14)
:: restart

We see that the equation system under consideration in a neightborhood of the nonsingular point
=(v] Vv2,k1,k2,wil,w2)+# 0 is reduced to the following three equations

02 0 02 0
> eql = '(as_zg(s”’] (5 ¢tsn) —( 2 f(s,t)] (5760

Os

R o _(2 9
eql = ( 02 g(s, t)j ( o g(s,t)) ( 02 f(s,t)j ( o f(s, t)) (1.3.15)

S
> eq2 = diff(g(s. 1), 1)" + dif (f(s.1),1)" = h(s, 1)
9 2 0 2
eq? = (at g(s, z)) + (atf(s, t)) — h(s, 1) (1.3.16)
> eq3 = diff (h(s, 1), 5)
eq3 = ;S h(s,t) 1.3.17)

:> with (DifferentialThomas)) :

| > ivar = [s,t]:

|> dvar = [[g], [/ h]]:
| Let us eliminate function g

:> ComputeRanking (ivar, dvar);

ad ad
> res = DiﬁrerentialThomaSDecomposition[[eq] eq2, eq3 ], [a—f( 1), YR g(s, 1),

02 02 02
T B0 080, (00 e (500

res := [ DifferentialSystem | (1.3.18)
:> with (ArrayTools) :

> fori from 1 by 1 to max(Size(res)) do map (print@.JetList2Diff,

m
) end do;

2 ] 2 0
g0 ] (Grewn )+ [ Laren) (Greo)

|
2 0 0 0
(a2 20 ) (g g0+ (55 700 ) (G /00)
(




2

[_Zf(s,t)] (%f(s,t)) (%h(s,t)) +2h(s,t) ( 6?; f(s,t)) — 2 h(s,

2 2
0 [;’?f(s r)j [§7f(s t)]
0 h
§ (S’ t)
[] (1.3.19)
B 2 d 2 2
> 7= (s ) [z w0 ) (a0 ) =2 ({ren ] (5
o2 2
t)] h(s,t) +2 ( 31 0s f(s t)) h(s,t)
2 d d 2 2
Vi = (;’?f(s, z)j (af(s,t)) (Eh(s,t)) + 2 h(s, 1) ( 6?63 1(s, z)j (1.3.20)
62 2
—2h(s, 1) [7f(s,r)) [—zf(s r)j
B 9 2 d 2 2
=g fsn) [%f(s, r)) (5 0 =2 (§7f<s, r)) [;’7 (. @321
B 2
t)j h(s,t) +2 ( G?GS f(s,t)) h(s,1t)

:Now eliminate f

> dvar = [[f], [g h]]:
> ComputeRanking (ivar, dvar);

0 ad
> res = Diﬁ“erentialThomasDecomposition[[eq], eq2, eq3], Ef(s, 1), o g(s, 1),
02 02 02 02
— t), —5 t t 1,h||;
27 SO0 100, e 8000, e 00
res = [ DifferentialSystem ] (1.3.22)

> for i from 1 by 1 to max(Size(res)) do map (print@JetList2Diff,
DifferentialSystem Equations (res[i]) ) end do;

2 0 2 d
[g?g(é',l)] [Eg(S,t)j + [g?f(s,t)] (Ef(s’t))

() (S ) # () (B

2 0 2

(%g(s, 0) + (/0] ~hiso




0
ah(s,t)
[] (1.3.23)
= - 9 ) d 62 2
> V2= (Eg(s’t)) (gg(s,t)] (ah(s,t)) —2 [a—zzg(s,t)] (?g(sa
) 2
t)] h(s,t) +2 ( %3 g(s,t)) h(s,t)
d 2 0 g ’
2= (g el (;Szg(s, z)] (G i) +2h00) (gretan ] as2e
i i
— 2 h(s,t) [aszg(s,t)) [atzg(S,l)j

jVeriﬁcation of the equivalence of {V1, V2, eq2, eq3} to {eql, eq2, eq3}

> jvar = [s,t]:
> dvar == (g, f, h]:
> ComputeRanking (ivar, dvar);

0 0
> resl = DifferentialThomasDecomposition ( [eql, eq2, eq3], [Ef(s, 1), a g(s, 1),
02 02 02 02
— t), — t t 1), h||;
o SO0 100, e (0.0 e 00
resl := [ DifferentialSystem | (1.3.25)
i i) i)
> res2 := DifferentialThomasDecomposition| [V1, V2, eq2, eq3 ], [Ef(s, 1), o g(s, 1),
02 02 02 02 )
as’ gl 1), 05> F(5: 1) 5rs 85 1) 5 s SLs: Z)’hD’
res2 = [ DifferentialSystem | (1.3.26)

> # Compare equations:

> forifrom 1 by | to max(Size(res)) do map (print@JetList2Diff,

DifferentialSystem Equations (res1[i])) end do;
2

[;;g(s,t)J (5 ets.0) (500 (g /0] =2 s

9 ) 2 2 0
t)] (5 &s.0) hiss1 [af(s, r)] ~20(5.0) (5 L0 ) 5/

or

z)j




[ ] (1.3.27)

> for i from 1 by 1 to max(Size(res)) do map (print@JetList2Diff,
DifferentialSystem Equations (res2[i])) end do;
2 2

200,0) (e 1150 ) (2 pen) +2 (o ee0 ] (g a0 nes
0 (47700 = (green] (gae0) (o) (5769

|
() (S )+ () ()
|

0
2 2 2
[:?f(s t)] (%f(s t)) (6—h(s,t)) + 2 h(s, 1) ( 666 f(s t)j —2h(s
62 2
0 [gf(s t)) [—zf(s r)]
ih(s t)
Os ’
[] (1.3.28)

Compare ineqations:
> for ifrom 1 by 1 to max(Size(res)) do map (print@JetList2Diff,
DifferentialSystemInequations (res1[i])) end do;

h(s,t)




P
o105 /(81

[] (1.3.29)

> for i from 1 by 1 to max (Size(res)) do map (print@JetList2Diff,
DifferentialSystemInequations (res2[i])) end do;
h(s,t)

0 ¢
ot (5,7)

2

(gtf(s,t)) —h(s,?)

aras 1 (51
[ ] (1.3.30)

:We see that both Thomas decompositions coincide

> Vi
’ 2

[:;f(s, z)] (gtf(s, z)) (;h(s,r)) 42 h(s, 1) ( afas 1(s, z)j (s, (1331)

02 0% .
0 [aff(s,t)J [atzf(s, r)]

2

[gtg(s, t)) ((?Zzg(s, z)] (gth(s, t)) +2h(s, 1) ( a?gs g(s, t)) k(s (1332)

02 02
0 [aszg(s,r)) [atzg(s,r)]

> eq2
0 2 0 2
((’)tg(s’t)j + (atf(s,t)j — h(s, 1) (1.3.33)
=> eq3
0
35 F(s: 1) (1.3.34)

_System (1.3.31)-(1.3.34) is preferable since its first equations depends on fand /# only whereas the
second equation depends on g and / only.
| In so doing, Eq. (1.3.14) is given by

(gt 2(s, z)j + (gtf(s, t)) — (1) (1.3.35)




¥ Lie Symmetry Analysis

Now we construct the group of point Lie symmetries of the equation system (1.3.31), (1.3.33),
[ (1.3.34)

| > with(Desolv) :
> maineq = gendef ([V1, eq3] (£ 7], [, 2]);

maineq:=H—§ (s, t, /s h), fE"(S tLhh), aahﬁ(s tLhh), —E,, (s,t,f, h), (1.4.1)

0 0 0 0
%&S(Sat’fsh): s (S tfh) af (Svtoﬁh)v ot (S tfh) ah (Sotvﬁ

02 2 2

0 02 0
h)a as E.’ ( ) 9f;h) an(sa taﬁh)a Wi ( 9 9ﬁh) fz nf(sa t:f;h)a
0
2 " (st f ), . nf(s,r,f,h),—(Enh(s,z,f,h))h+nh(s,r,f,h),
6 0 2
(@nh(s,r,f,h))h—nh(s,z,f,h),—(Enh(s,r,f,h)) —2h (27&,(&@/‘,

Q| O R A A Y]
:> with (Janet) :
> JB = JanetBaSis(maineq[l], maineq|3], [&S, &, n, nh]);

0 0 0
JB = H(th(s’ Lf h)) By (5 60, o (5 6 ), = B (5 L), (1.4.2)
0 5 0 5 5 0 5 0
E &S(S’ taﬁ )’ a_f T]h(S tf ) afé (Sa t’fa )3 E nf(sa t’fa )3 E &S(Sa tafa

M) o Ty (53 L), e & (52 6 ), o M (s, o), O (s, o)
5aS h > ") Das t > ") Dahaf f 2 ") 5ahafs > ") b
02 02 02

ot Ok &t(sataﬁh)a an(sataﬁh)a ds oh &(S tfh) f nf(s tfh)

za (5,6 1), o & (s, .S D),

2
6 af a?af (s 615 h), Wis(sa tLfh),

62 1 0 62 62
h(yit(s,t,f,h)j 5 ot W n, (s, t.fh), 305 (s, ./ h), e E (5.8, f,

d
62

IR YIRS &(s,t,f,h)], (s, 6./ b1, [&S,ét,nfnh]]

(> JBI := pdsolve(JB[1]);

JBI = {nf(s, Lfih)=_C3s+ CIf+ _C2,m (s,0.f,h)= (-2 (% _Fl(t)j (1.4.3)

+ _C7) mE (s.tfih)=_C6s+ C4f+ C5E(s.t,fh) =_F1(t)}




Cl1=0 (1.4.4)
(> C2:=0

C2=0 (1.4.5)
(> C3:=0

_C3=0 (1.4.6)
(> C4:=0

C4:=0 (1.4.7)
(> C5:=0

C5=0 (1.4.8)
(> C6:=0

_C6:=0 (1.4.9)
(> C7:=0

C7:=0 (1.4.10)
(> JBI

d
{nf(s, L h)=0,m, (s, 8./, h) = -2 (dt_FI(t)J hE (s tfh) =0, (s.t,fh)  (14.11)

=_F](t)}

Thus, equations (1.3.31), (1.3.33), (1.3.34) admit the symmetry group s'=s, t'= F(t, o) where
| F is a one-parameter group

(> # Thus, the equation admits the symmetry group s' = s, t' = F(t,0.), where F - one-

| parametric group

;Lemma. All solutions of Eq. V1 for fixed C(t) can be obtained from the solution of

2 2 2 2
> [z /0| (g7 ] = (arwn ) <0

2

02 02 02 B
[z rton | [ ren )= (g sen ] -0 (14.12)

| by the transformation x = s, y = ¥ (7). This transformation is invertible iff ¥'" # 0.
| Proof:
| > with(PDETools) :

> F2 = Simpliﬁ/[dchange[{x=s,y=‘l’(f) 3 (a_zf(an’)] (s_zf(an/)J
y

- ( a)?zay f(x’J’)jza [s, f]]];

2 2 2
F2:=- [[ 62 f(s, z)] [gtzf(s,t)jll’(l,t) + [62 (s (1.4.13)




> convert[ solve(F2,¥(2,1)) diﬁ‘) _ ¥
¥ (1, 1) W (1,1)
02 02 02 2
__(aszf(sﬂt)] [atz (Saf))"‘(atasf(&t)) v
Ll o . o,
[aszf(s,t)J (atf(s,z)j (L 1)

The L.h.s. is the same as in V]
> # Lefi-hand side is the same as in V1.

0 a
solve(V], Eh(s, t)) — h(s, 1)

. ot
> F= 2h(s, 1) = k(s D)
0 02 0 ? 3
o (g ren ][ az s )+ (g o) g e
T T 2 a _?hi
e/ | (5 60) .

Proposition 1. The PDE system (1.3.31)—(1.3.34) can be obtained from the system
2

2 2 2
> [t ] (a7 | = (g ren) -0

y
2 2 2 2
[/ ] (e )| = (gaswn) -0
i 02 02 2 2
>[m2(xw](®2anw] (wﬁyﬂxw]—O
2 2 2 2
[gggUnd)[;;ngﬁj—(Q&Mngﬁ)=0
B 0 2 2
> (g 2] + (5 /) —1=0

2

(5 et +(goseen) —1=0

o . )
| by the transfirmation x = s, y =¥ (¢) where h="¢".
| Proof:

2 2

> F3:= simplzﬁz[dchange[{x=s,y=‘P(t)}, [s_zf(xay)) [:—zf(X,y)j

2 ) g
- (3% 1) o r]]];

jp— f— O ) [ o)+ [ L
v U laeren) (e oo (g

(1.4.14)

(1.4.15)

(1.4.16)

(1.4.17)

(1.4.18)

(1.4.19)



t)j ((,?tf(s,t)) WY(2,t) + [ 6?25 f(s,t)]z‘l‘(l,t)]

> F4 = Simpliﬁ/[dchange[{x=s,y=‘l’(f) 3 (a_zzg(an/)] (s_zzg(an’))

2 Ox o
- ( a)?zay g(x’y)) ; [Saf]]];

1

F4 (a
= - - 1
w10 [ [asz g1

02 02
[aﬁ g(s, t)] Y(l,¢) + (652 g(s, (1.4.20)

t)j (Stg(s, t)) WY(2,t) + ( afzs g(s, t))z‘l’(l,t)j

0 2 0 2
> F5 = Simpliﬁ/[dchange[{xZS,yZ‘I’(t) }, (5g(x,y)) + (af(X,Y)) — 1, [s,

)

P (S’g(s’ t)jz B (f?tf(s’ t))z Y0 (1.4.21)

W(1, 1)

Parametrized Analytical Solution

;Solution to (1.4.16) admits the parametrization (Hartman, Nirengenrg'59)

> # f=a,(u)v+b,(u)

> #x=a,(u)v+b,(u)

> #y=a,(u)v+b,(u)

:To construct the general solution to (1.4.16) -(1.4.18) we use the following simplification.

> # For constructing the general solution we will use the following simplification. At last we
will show that nevertheless our solution is general.

# f=A,(u)x+B,(u)
# y=A(u)x+ B(u)
# g=M(u)x+ N(u)
# Functions A,(u),A,(u), B, (u),B,(u), M,(u),N,(u) arenot arbitrary.
# Substitute them into (61) - (63).

restart,

v IIv "V IIV IIv "V ] v "V IIV ] v ]

G:=g(xA(u)x+ B(u))=A4 (u)x+ B, (u)
G=g(x,A(u)x + B(u)) =4, (u) x + B (u) 1.5.1)

VII

GI1 = diff (G, x)



Gl = Dl(g)(x,A(u) x+B(u)) + Dz(g)(x,A(u) x+B(u))A(u) =A1(u) (1.5.2)

> G2 = diff (G, u)
d d d
G2 =D,(g)(x, A(u)x + B(u)) [(duA(u)) x + duB(u)J = (duAl(u)) x (1.5.3)

d
> G3 = diff (G, x, x)
G3 :ZDI’I(g)(x A(u)x+ B(u)) +D172(g)(x,A(u)x+B(u))A(u) (1.54)
+ (D, ,(€) (5 A(u) x + B(u)) + D, (&) (v A(u) x + B(u)) A()) A() =0
> G4 := diff (G, u, u)
d 2
G4:=D, (&) (s A(w) x + B(u)) [ g Alw) | ¥+ 4B | +D, () (x A(w) ¥ 155
d’ d&’ d’ d’
+B S A(u) | x+ 5 B(u S A () | x+ 5 B
(w)) [[ () | x+ o B )J ( Ay ) |3 By )
(> G5 = diff (G, x, u)
d

d
G5 ::Dl,z(g)(x,A(u)x—l—B(u)) (( A(u )) x+ duB(u)j +D2’2(g)(x,A(u)x(1.5.6)

du

d d
+ B(u)) ([du A(u ))x-l— EB( ))A(u)—i—Dz(g)(x,A(u)x

+B()) g A0 | = Gy )

> S0lG = Solve([GI, G2,G3,G4,G5], [Dl(g)(x,A(u) x+B(u)),D,(g)(x, A(u) x
+ B(u)), Dy (&) (x, A(u) x+ B(u)), D, ,(g)(x, 4(u) x + B(u)), D, ,(g)(x,
A(u)x—l—B(u))]):

=> factor (numer (simplify(rhs (SolG[1, 3]) -rhs (SolG[1, 5]) — rhs(SolG[1, 4])2) )

d d d d
(&) (& nen)- (o) (o)) oa

:> # Itimplies:

d d
=> # m —— A, (u) = P(u)~EA(u)

d d
> # - By(u) = P(u) - B(u)
>
>
>
> FF = f(x,A(u) x + B(u)) = M, ()

M, (u)x+ N, (u) (1.5.8)




> FI = diff (FF, x)
FI:=D,(f) (x,A(u) x + B(u)) + D, (f) (x, 4(u) x + B(u)) A(u) =M (u)  (1.5.9)

(> F2 = diff (FF, u)
F2:=D,(f) (x, A(u) x + B(u)) ((dA(u)jx—F ;B(”)) = (dMl(u))x (1.5.10)

du u du
d
+ ENI(M)
> F3 = diff (FF, x, x)
F3:=D |(f) (6 A@u)x+B(u)) + D ,(f) (xA(u) x+ B(u)) A(u) (1.5.11)
+ (Dl,z(f) (x, A(u) x+ B(u)) + Dz,z(f) (x, A(u) x+B(u))A(u))A(u) =0
> F4 = diff (FF, u, u)
d d :
F4 = Dz,z(f) (x,A(u) x + B(u)) [(duA(u)) x+ duB(u)j + Dz(f) (x, (1.5.12)
& & &
A(u) x+ B(u)) [[duz/l(u) x+ QB(L{) Z[dule(u) X
Fe
+ QNI(M)

> F5 = diff (FF, x, u)
d d
F5:=D, ,(f) (x.A(u) x + B(u)) [(duA(u)) x+ duB(u)j +D, (/) (x  (1513)

d d
A(u) x+ B(u)) ((duA(u))x—i- duB(u)jA(u) + D, (f) (x, A(u) x

d d
+ B(u)) (duA(u)jzduMl(u)

> SolF = solve([F],FZ, F3,F4,F5], [Dl(f) (x, A(u) x + B(u)), D, (f) (x,4(u) x
+B(u)), D (f) (x, A(u) x+ B(u)), D ,(f) (x,A(u) x + B(u)), D, ,(f) (x,
A(u)x—l—B(u))]):

_> factor (numer (simplify(rhs (SolF[1,31) -rhs (SolF[1,5]) — rhs (SolF[1, 4])2) )
2

—((;uMl(u)j [;LIB(u))—((iNl(u)) (;uA(u))J (1.5.14)
:> # Itimplies:
> # %Ml(u) = Q(u)-%A(u)

d d
=> # ENl(u) = Q(u)-EB(u)
> # For any arbitrary P(u), Q(u), A(u), B(u) functions f and g are solutions of (58),
L (59).
| > # To satisfy (60):




d d d d
> simphﬁ/[subs([aMl(u) ZQ(u)-aA(u), aNl(u) ZQ(u)aB(u) ,

2

rhs (SolF[1, 2])) + subs( % A (u)=Pu)- % A(u) % B (u)=P(u)
d 2
m B(u) |, rhs(SolG[ 1, 2])) ];
O(u)* + P(u)’ (1.5.15)

:> # Thus: Q(u) = sin(C(u)), P(u) = cos(C(u))
:> # Now make change of variables, according to the proposition s = x, t = F(y)
(> # g=A,(u)s+B,(u)
[> # 1=FA(u)s+Bu))
(> # f=M(u)s+ N(u)
>
>
>
[> # To find the expression for ki, viI, wl, k2, v2, w2 we use the formulas: (7) - (10), (13) -

(16).

restart,

v "V IIV IIv "V ]

G := g(s,F(A(u) s +B(u))) =A,(u)s + B, (u)
G=g(s,F(d(u)s +B(u)))=4,(u) s + B (u) (1.5.16)

> GI = diff (G, s)
G1:=D,(g)(s, F(A(u) s + B(u))) + D, (g) (s, F(A(u) s + B(u))) D(F) (A(u) s (1.5.17)

+ B(u)) A(u) =4, (u)
> G2 = diff (G, u)
G2 = Dz(g)(s, F(A(u)s +B(u)))D(F)(4(u)s + B(u)) ((d A(u)j K (1.5.18)

+ C;LB(u)j = (;uAl(u)) s + ;uBl(u)

> G3 = diff (G, s, 5)

G3 :=D1’1(g)(s,F(A(u) s+ B(u))) + Dl’z(g)(s,F(A(u) s (1.5.19)
T B(u))) D(F) (A(u) s + B(u)) A(u) + (D, ,(g)(s, F(A(u) s + B(u)))
+D, ,(8)(s, F(A(u) s + B(u))) D(F) (A(u) s + B(u)) A(u) ) D(F) (A(u) s

+ B(u)) A(u) + Dy (g) (s, F(A(u) s + B(u))) D) (F) (A(u) 5 + B(u)) A(u)’
=0

> G4 = diff (G, u, u)




G4:=D, ,(g) (s, F(A(u) s+ B(u))) D(F) (A(u) s + B(u))® ((%A(u)) s (1.5.20)

2
+ 4 B(u)) +D,(g) (s, F(A(u) s + B(u))) D (F) (A(u) s

+ B(u)) ([(%A(u)) s + %B(u)) +D,(g) (s, F(A(u) s

+ B(u))) D(F) (A(u) s + B(u)) [(—A(u)

RL
s+ —5 B, (u)

£
- £ 4
[ > A (u) du

du
(> G5 = diff (G, s, u)

G5 =D, 5 (&) (s, F(A(u) s + B())) D(F) (A(w) s + Bw) ([ g At s 820

d
+ aB(u)j + DZ’Z(g)(S,F(A(u) s+ B(u)))D(F) (4A(u) s

d d
(d_uA(u)) s+ d—uB(u)) A(u) + Dz(g)(s,F(A(u) s

d d
@(F)(A(u) s + B(u)) ([d—uA(u)) s + aB(u)) A(u)

= A, ()

> SolG = solve([Gl, G2,G3,G4, G5, [Dl(g)(s,F(A(u) s +B(u))),D2(g)(s,
F(A(u)s+B(u))),Dl,l(g)(S,F(A(u)S+B(u))),D1,2(g)(s,F(A(u)s
+B(u))),Dz’z(g)(s,F(A(u)s—I—B(u)))]):

IIV ]

> FF:=f(s,F(A(u)s+B(u))) =M(u)-s + N(u)
FF=f(s,F(A(u)s +B(u)))=M(u)s + N(u) (1.5.22)

> F1 = diff (FF,s)
FI =D (f) (s, F(A(u)s +B(u))) +D,(f) (s, F(4(u) s + B(u))) D(F) (A(u) s (1.5.23)

| B(u)) A(u) = M(u)
(> F2 = diff (FF,u)

F2:=D,(f) (s, F(A(u) s+ B(u))) D(F) (4(u) s + B(u)) ((%A(u)) s (1.5.24)

+ (%B(u)jz (C%M(u))er C%,N(”)




> F3 = dlﬁ’( FF,s,s)
F3:=D, | (f) (s, F(A(u) s + B(u))) + D, ,(f) (5. F(A() s (15.25)
) )

( ))) D(F) (A(u) s + B(u)) A(u) + (D, ,(f) (s, F(A(u) s + B(u)))
() (s, F(A(u) s + B(u))) D(F) (A(u) s + B(u)) A(u)) D(F) (A(u) s
+B(u))A(u)+D2(f) (s.F(A(u) s + B(u))) D) (F) (4(u) 5

+ B(u)) A(u)*=0

> F4 = diff (FF, u, u)

F4:=D, ,(f) (s, F(A(u) s + B(u))) D(F) (A(u) s + B(u))* [(%A(u)) s (1.5.26)

d 2
+ 5 B(u)j +D,(f) (5, F(A(u) s + B(u))) D?)(F) (A(u) s

+8() [ (g A0 )5+ g B | +D,0) (s Fl(w) s

+ B(u))) D(F) (A(u) s + B(u)) [(—A(u)

d? d?
= | — M(u) |s+ —5 N(u
[du (u ))s L7 N

> F5 = diff (FF, s, u)

F5:=D, ,(f) (s, F(A(u) s+ B(u))) D(F) (A(u) s + B(u)) ((%A(u)j s (1.5.27)

d
+ —B(u)j +D, (f) (s, F(A(u)s +B(u))) D(F) (A(u) s

du 2,2

d d
(—A(u)j s+ aB(u))A(u) +D,(f) (s, F(A(u) s

+B(u))2(
D

d d
+B())) DO F) (Alw) s + B ( (g ) s + 5 B | 4w

d
= 4 M)

> SolF = solve([F] F2,F3,F4,F5], [ (s F(A s+ B(u )) D, (f) (s,
F(A(u)s +B(u))), D, (/) (s ( (u) s+ B(u))), Dy ,(f) (s F(Alu) s
+B(u))),D2,2(f) (s,F(A ) s + B( u)))])

II ] v ]

> # Expressions obtained depend only on the derrivative:

d d
> # EA( ) = P(u)- m

A(u)



> # g Bl = P g B)

:> 4 (%M(u) = Q(u)-(;iuA(u)

:> 4 %N(u) - Q(u)-;—uB(u)

=> #  Substitute them:

> vl = simphﬁ/(subs([%M(u) ZQ(u)-%A(u), %N(u) =Q(u)-%3(u),
%Al(”) :P(u)-%A(u), %Bl(u) - P(u)-%B(u) ,rhs(SolF[l,Z]))];

i = S s TR (15:28)

[ 12 = simphﬁ/(subs([%M(u) ZQ(u)-%A(u), %N(u) =Q(u)-%3(u),
%Al(u) =P(u)-%A(u), %Bl(u) - P(u)-%B(u) ,rhs(SolG[l,2])));

] 2 s TEO) (1529

>ww=mw@@w%ﬁ%wﬂm=wm;%wagﬂwm=mm;%wa
%Al(u)ZP(u)-%A(u), %Bl(u) = P(u)-%B(u) ,—rhs(SolG[l,4]))j

] = B A+ B(u)) (B (T T DG (1530
>w%=mw@@w%ﬁ%wﬂm=wm;%wagﬂwm=mm;%wa
%Al(u)ZP(u)-%A(u), %Bl(u) = P(u)-%B(u) ,rhs(SolF[l,4]))];
i 2 BT+ T D) () b () T ¥ 5T (1530
> kI = simpliﬁ/(subs([d—M(u)—Q(u) % () %N(u)=Q(u) % ()
% 1(u)=13(u)-% (), %Bl(u) = P(u)-%B(u) ,—rhs(SolG[1,3]))]
= 1 ; . [[( dd; A(u)] P(u) s (15.32)
((duA(u))s—l— duB(u)J




(& (P (%B(u)))]]z‘l(u)zj

d d d d

> k2= Simpliﬁ/(subs( d—uM(u) =Q(u)-d—uA(u), d—uN(u) =Q(u)-EB(u),

d d d d

EAI(“) =P(u)-aA(u), aBl(u) = P(u)-aB(u) ,rhs(SolF[l,3]))];

2

k2 = - p : 1 5 [[Q(u) [;7A(u)] s (1.5.33)

((EA(M)Js—I- EB(M))

d’ d d
+Q(u)[d78(u) (@ [ew [graw]])s

- [% (0w (;—uB(u))])]A(u)zj

P=u—sin(C(u)) (1.5.34)
(> Q(u) = cos(C(u))
i QO =u—cos(C(u)) (1.5.35)
>
>
>
E simplify (vl );

cos (C(u)) (1.5.36)

D(F) (A(u) s + B(u))
> simplify(v2);

sin(C(u))
] D(F) (A(u) s + B(u) (1537
> simplify(wl);
cos(C(u)) D(C) (u) A(u)
1.5.38
] D(F) (A(u) s + B(u)) (D(4) (u) s + D(B) (u)) (1:5:39)
> simplify (w2);
sin(C(u)) D(C) (1) A(n) 30
] (D(A) () s + D(B) (u)) D(F) (A(u) 5 + B(u)) (1:539)
(> simplify(kl);
d
A(u)? cos (C(u)) (E C(u)j
- ; (1.5.40)
(d_uA(u))S+ d_uB(u)

> simplify(k2);

(1 KA



"V"V ] v

>

>

(
eq4d =w2(s, F(A(u) s + B(u
)
)

t=F(A(u) s+ B(u))
t=F(A2(u)s +Bz(u))

# Four arbitrary functions of one variable - C, F, 4,, B,.

# Check that it is solution:
restart,

eql == kl(s, F(A(u)s + B(u))) +

eql =kl (s,F(A(u)s+ B(u))) +

. d
A(u)* sin(C(u)) (E C(u))

eq2 = k2(s, F(A(u) s + B(u))) +

u

(diA(u)js—i- %B(u)

eq4d == w2(s,F(A(u)s + B
sin(C(u
(D(4)(u)s +D(B

=.
=)
Q
S
o)
o
S
'
S

cos(C(u))
D(F)(A(u)s + B

()
C
05 =¥ P04 B000) ~ By By

eqd == vi(s,F(A(u)s +B(u))) —

(1.5.41)

(1.5.42)

(1.5.43)

(1.5.44)

(1.5.45)

(1.5.46)

(1.5.47)



sin(C(u))
D(F) (A(u) s + B(u))

in(C
eq6 =v2(s,F(A(u)s +B(u))) — D(F) (S,lcln((u)(sugl-)B(u))

> SOL = solve([diﬁ”(eq],u),diﬁ(eql,s),dlﬁ(eq2,u),diﬁ”(qu,s) diff (eq3, u),
diff (eg3, 5, diff (eq4, u), diff (eq4, s ), diff (eg5, u), diff (eg5, 5, diff (eq6, u),
diff (eq6, s ) ], [Dz(kl)(s,F(A(u)s+B(u))),D1(k1)(s,F(A( ) s + B(u)
D, (wl) (s, F(A(u) s+ B(u))), D (wl) (s, F(A(u) s + B(u))), D, (k2) (s,
F(A(u) s+ B(u))), D, (k2) (s, F(A(u) s + B(u))), D, (w2) (s, F(A( ) s
+ B(u))), Dy (w2) (s, F(A(u) s + B(u))), D, (vI) (s, F'(A(u) s + B(u))),
D, (vI) (s, F(A(u) s + B(u))), D, (v2) (s, F(A(u) s + B(u))), D (v2) (s,
F(A(u)s + B(u )))])

> eq6 = v2(s,F(A(u)s + B(u))) —

(1.5.48)

)

1

# Initial system:

#diff (kl(s,t),t) —diff (wl(s,t),s):
#diff (k2(s,t),t) — diff (w2 (s, t),s):
# —diff (vI(s,t),s) +w2(s,t):

# — diff (v2(s,t),s)-wl(s,t):
#wl(s,t)-k2(s,t) —w2(s,t)-kl(s,t):
#kl(s,t)-v2(s,t) —k2(s,t)-vI(s,1):

v "V "V IIv "V "V IIv "V "V IIv "V "V IIv "V ]

lhs(SOL[l
D, (ki

) — Ihs(SOL[1, 4])
(s, F(A(u) s + B(u))) — D, (wl) (s, F(A(u) s + B(u))) (1.5.49)
1,8]

1]
) (
> th(SOL[l 51 — lhs(SOL[ )
k ) (s, F(A(u)s +B(u))) — D (w2)(s,F(A(u)s+B(u))) (1.5.50)

> th(SOL[l 10])+w2( F(A(u)s + B(u)))
=D, (vI) (s, F(A(u)s + B(u))) +w2(s, F(A(u) s + B(u))) (1.5.51)

A(
> — Ihs(SOL[1,12]) — wi(s, F(A(u) s + B(u)))
-D, (v2) (s, F(A(u) s + B(u))) — wi(s, F(A(u) s + B(u))) (1.5.52)

# Check differential equations.
simplify(rhs (SOL[1, 1])-rhs(SOL[1,4]));
0 (1.5.53)

simplify (rhs (SOL[1,5]) — rhs(SOL[1, 8]));

v "V "V IIv "V ]

V"



IIV IIv "V IIV IIv ]

0 (1.5.54)

. sin(C(u)) D(C) () 4(u) .
S’””’l’fy( —sBOLIL IO+ 5 ) s + D(B) () D(F) (A(u) s + B(w)) )
0 (1.5.55)
e B cos (C(u)) D(C) (u) A(u)
s”"pl’fv( rhs(SOLLL 12]) DF) (4 s+ Bu)) (D) () s + DB a) )(1556)
restart,
# Check algebraic:
d
A(u)* cos(C(u)) (d—u C(u))
kl == -
d d
(EA(M)js—i- aB(u)
d
A(u)* cos(C(u)) (du C(u)j
kl = - - 1 (1.5.57)
[duA(u))s+ aB(u)
d
A’ sin(C(u)) [ g Cw) |
k2 = -
d
(—MA(u)Js—i- d_uB(u)
A(u)” sin(C(u)) ((;1 C(u))
k2= - - . (1.5.58)
(duA(u) s+aB(u)
o cos (C(u)) D(C) (u) A(u)
YT D(F) (A(u) s + B(u)) (?éf“;‘%)ié)?(fji”i)
7= cos(€ 42 1.5.59
" D F) (A(u) s + B(u)) (D(A4) (u) s + D(B) () (1.5.59)
. sin(C(u)) D(C) () 4(u)
(D(A)(u)s+D<B)(u_))(g((F)))(§Ezé))f+)§(<u)))
P sm{c {u 1) 20 1.5.60
"2 (D (A) (u) s + D(B) (u)) D(F) (A(u) s + B(x)) (1.5.60)
o] — cos(C(u))
D(F) (A(u) s + B(u))
vl = cos (C(u)) (1.5.61)




v IIV ]

V IIV ]

2= BD(F) (A(u) s + Bu))
ye  sin(C(u))
- D(F)(A(u) s + B(u))
simplify(wl k2 — w2kl );
0
simplify (k1 -v2 — k2-vl);
0
# Finally, function B(u) is excessive:
B(u) == u
B=u—u
# General solution:
kl
d
A(u)” cos(C(u)) (a C(u)j
i d
(EA(M)) s+ 1
k2
A(u)*sin(C(u)) [d—u C(u))
i d
(EA(M)) s+ 1
wl
cos(C(u))D(C)(u) A(u)
D(F)(A(u)s+u) (D(A)(u)s+1)
w2
sin(C(u)) D(C)(u) A(u)
(D(A)(u)s +1)D(F)(A(u) s + u)
vl
cos(C(u))
D(F) (A(u) s + u)
v2

sin(C(u))
D(F)(A4(u) s+ u)

(1.5.62)

(1.5.63)

(1.5.64)

(1.5.65)

(1.5.66)

(1.5.67)

(1.5.68)

(1.5.69)

(1.5.70)

(1.5.71)



